A novel method combining the nudged elastic band method with finite element micromagnetics is used to calculate minimum energy paths, global minima, metastable states and, most importantly, saddle points between energy minima. We study configurational anisotropy effects in thin permalloy elements, e.g. 5 nm thick squares. For squares with the size of 15-200 nm the ground states are so called "leaf" states with the average magnetization along one of the diagonals. However a second state ("buckle") becomes stable with the average magnetization along one edge at sizes larger than ~80 nm. The superposition of the 4 easy axes leads to a combination of 4-and 8-fold anisotropy. At ~200 nm size both states have about the same energy so that the overall picture becomes that of an effective 8-fold anisotropy.
INTRODUCTION
Magnetic nanoelements form a strongly growing field with very promising future applications in magnetic storage devices such as MRAMs and sensor applications. In this paper we apply a novel method for finding minimum energy paths in micromagnetic systems.
While it is straightforward to calculate energy minima which represent stable magnetization configurations by minimizing the energy a much more demanding task is to compute
the intermediate saddle point configurations between minimum energy configurations.
The method yields both local energy minima and saddle points. This gives us the energy barrier which determines how stable such a state remains against thermal fluctuations.
This work focuses on magnetic elements which have no in-plane shape anisotropy but only configurational anisotropy. Detailed experimental and theoretical work on configurational anisotropy has been performed by Cowburn [1] . Schabes and Bertram [2] investigated remanent states of small magnetic particles and possible reversal mechanisms.
Section 2 of this paper provides a short description of the micromagnetic background and of the algorithm for finding the minimum energy path, whereas section 3 presents results of the method as applied to square and triangular magnetic nanoelements. Section 4 summarizes the results.
THEORY
To calculate minimum energy paths we combine the nudged elastic band method [3] with finite element micromagnetics [4] . In micromagnetics we represent the magnetic states of a system by a set of magnetic moments. This corresponds to the magnetization at the nodes of the finite element mesh, which is used to model the geometry of the sample. A sequence of magnetic states is constructed to form a discrete representation of a path from the initial magnetization state M i to the final magnetization state M f . When feasible the simplest initial path is just built via a straight line interpolation in the configuration space between M i and M f . For the configuration space we use polar coordinates of dimension 2N, where N is the number of magnetization vectors (nodes). An optimization algorithm is
then applied until at any point along the path the gradient of the energy is only pointing along the path. This also means that the path integral of the micromagnetic action along this path is minimal [5] . This path is called "minimum energy path (MEP)": It means that the energy is stationary for any degree of freedom perpendicular to the path [3] . Depending on the system more than one MEP can exist between two energy minima. Especially for larger sample sizes this can be the case. The MEP with the lowest energy barrier will then be preferred, which results from the exponential dependence on the energy barrier in the Neel-Brown equation [6] .
The micromagnetic description of the system starts from the magnetic Gibbs' free energy
E is the sum of the exchange and stray field only since no external field is applied and zero cristalline anisotropy is assumed throughout this paper. The unit vector u is parallel to the magnetization direction. A is the exchange constant, J s is the spontaneous magnetic polarization and H s is the magnetic stray field. The integral (2.1) extends over the total volume of the magnetic element. In a (meta)stable state the magnetic system occupies a local minimum of (2.1). We use 3D finite element micromagnetics [7] to calculate E and grad(E).
In a first step an initial path is assumed which connects the initial magnetization state M i = M 1 with the final magnetization state M f = M n . A path is represented by a sequence of n images, M k , where the index k runs from 1 to n. In this work we used about 20 images.
The MEP can be found using an iterative scheme. In each iteration step the images are
moved in a direction parallel to the negative gradient of the energy and perpendicular to the current path. So M k is moved in a direction parallel to
Here t denotes the unit tangent vector along the path. To keep an equal distance between successive images, we follow the idea of Henkelman and Jónsson [3] who introduced a spring force in addition to D. Finally we represent the path finding scheme with a system of ordinary differential equations
and solve (2.3) numerically, using the software package CVODE [8], a variable order and variable time step solver for ordinary differential equations. The path is optimal, if for any image M k the gradient of the energy is only pointing along the path. Therefore the images of the optimal path have the following property
which implies D=0.
RESULTS
We study configurational anisotropy effects in thin magnetic nanoelements. 
system. For the initial guess of the path we start by simply rotating the homogeneously magnetizatized state in plane by 180° for squares and 120° for triangles. As an alternative initial guess we rotate the magnetization by 180° in the plane perpendicular to the film which then typically results in an MEP involving a vortex motion. However for squares this MEP has a much higher energy barrier for all sizes studied here (< 200 nm).
It is not necessary to calculate the equilibrium states (energy minima) in advance. As an illustration fig. 1 shows this initial path and the MEP after optimization for a triangular element of 100 nm edge size and 5 nm thickness. The perfectly homogeneous state (=ini-tial path) has a constant energy for all points along the path independent of the direction of the magnetization. After the optimization scheme we obtain the MEP which does not only reveal the equilibrium states already known [1] but also the saddle points between the minima (Fig. 1) .
Quadratic elements
Quadratic permalloy platelets of 5 nm thickness were studied using an average mesh size of 2.5 nm. Four equilibrium states were found depending on the edge length. (Fig. 6 ). Fig. 3 shows that all states involved have lower energies than the homogeneous state. From the MEPs we calculate the energy barriers (Fig. 4) . Note that the energy barrier would have been strongly overes-
timated by a factor of about 2 when simply taking the energy barrier as the difference
energy(homogeneous state) -energy(minium) instead of energy(saddle point) -energy(minium)
. Fig. 3 also shows that the energy of the buckle state increases at a slightly lower rate than the energy of the leaf state with increasing element size. Thus the energy barrier (buckle->leaf) increases with a higher slope than the energy barrier (leaf->buckle).
Energy parity is obtained at ~150 nm element width. Figure 5 As mentioned before the method always gives the MEP which is closest to the initial path.
Starting with an initial path which is in plane of the film we obtain a MEP which has the net magnetization in plane. However if we start with the initial path in the plane perpendicular to the film we also obtain a MEP involving vortex motion with a vortex state as metastable state. Above sizes of 200 nm the energy of the vortex state becomes comparable with the energy of the buckle state. However the energy barrier to access the vortex state from the buckle state was found to be about 4 times higher than the energy barrier to access the leaf state from the buckle states. Therefore the "in-plane" MEP is still preferred. It is possible (but not investigated in this work) that the "vortex" MEP can become the path with the smallest barrier at sizes larger than 200 nm.
4 SUMMARY Square and triangular elements were studied using a novel method for finding minimum energy paths. The method is a rigorous way to extend conventional phase diagrams computation. Information about metastable states and saddle points is obtained allowing the exact calculation of the energy barriers. 
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7 FIGURE CAPTIONS Initial path (circles) and optimal path (triangles) for a 100 nm triangular permalloy element of 5 nm thickness (number of mesh points N=5290). Minima and saddle points are labeled (M) and (S), respectively, and shown at the bottom of the figure. Note that the evolution from one state to the next proceeds by 90° rotation of the moments in the vicinity of one corner, roughly.
Fig. 2
A) Flower, B) leaf, C) buckle and D) vortex state in a quadratic permalloy platelet.
Fig. 3
Total magnetic Gibbs' free energy for a 5 nm thick quadratic platelet as a function of the element size for the 4 different states (leaf-, buckle-, homogeneous-state and saddle point).
Fig. 4
Energy barriers as a function of the element size for a 5 nm thick quadratic platelet. Eb1 is the energy barrier of the leaf state, Eb2 is the energy barrier of the buckle state. 
